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Abstract

In this paper we establish correlation theorem for the two-sided quaternion Fourier
transform (QFT). A consequence of the theorem is also investigated.
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1. Introduction

The quaternion Fourier transform (QFT) is a nontrivial generalization of the classical
Fourier transform (FT) using quaternion algebra. A number of already known and
useful properties of this extended transform are generalizations of the corresponding
properties of the FT' with some modifications (see, for example, [1, 2, 3, 4, 5]). One of
the most powerful properties of the QFT is the convolution theorem. Recently, in [6]
authors proposed the convolution theorem for the two-sided QFT, which describes the
relationship between the two-sided QFT and convolution of two quaternion function.

Therefore, the main objective of the present paper is to establish the correlation for the
two-sided QFT, which is a generalization of correlation theorem of the classical FT.
We find that the correlation theorem does not work well for the right-sided quaternion
Fourier transform and left-sided quaternion Fourier transform.
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The quaternion algebra over R, denoted by

H={q=qo+iq +jg: +kqs},  G0,91,92.9: € R, (1)
is an associative non-commutative four-dimensional algebra, which the quaternion
units i, j,and k obey the following multiplication rules:

i? = j? =k? = -1, ij = —ji, ik = —ki, jk = —kj,and ijk = —1. (2)
The quaternion conjugate is defined by
q=qo — iq, —jq, — kqs, )
which is an anti-involution, that is,
p=p. ptq=p+q pq=qp. )
The norm of a quaternion is defined as
9l =47 =ao* + @, + ¢, + 5%, 5)
It is not difficult to check that
lapl = Ipllql, Vp geH. (6)
We further get the inverse ~
oL
i

This fact shows that H is a skew field, that means, every nonzero element has a
multiplicative inverse.

For the sake of further simplicity, we will use the real vector notations

X = (xlsz) € IRZJ f (x) = f(x11x2)1f ((:J) = f(lewZ) [
and so on when there is confusion.

2. Main Results

In this section we introduce the definition of the two-sided QFT and establish the
correlation of two quaternion-valued functions associated with the two-sided QFT.

Definition 2.1 (Two-sided QFT) Let f be in € L2(R%; H). The two-sided QFT of the
quaternion function f is the transform given by the integral

Fof) @) = f e-torn f(x)e otz g2y, %)

R2

Theorem 2.1 (Inverse two-sided QF@) Suppose that f € L*(R% H) and F{f} €
LY(R2; H). Then the two-sided QFT is an invertible transform and its inverse is given
by

f(x) — (2:[)2 feiwlxlfq{f}(w)eijxZ d? w. (8)

E2
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Definition 2.2 (Quaternion Correlation) Suppose [ and g are quaternion functions
in 12(R?; H). The quaternion correlation of the functions is given hy

(F @@ = [ féx+ g0 dy. ©)
]RZ

The following theorem is the main result of this paper, which describes how the
two-sided QFT behaves under correlations.

Theorem 22 Let f,g € L?(R% H) be two quaternion-valued functions. The
two-sided QFT of correlation of f and g takes the form
Folf ® gHw)

= (F o)) + iF, (i} (@)) (Folgo} (@) — jF{g:} (-0, 0,) )
+ (Folfol s, —wz ) + iF, (i} (w1, —02) ) (~iF,{g:}(~w) — kF{gs} (w1,~w2))
+ (% () (01, 02) + KF () (01, 02)) (F (o} (1, ~w2) = jF{g:)(~w))
+ (JF 3} 0) + kF {f:)(-0)) (~iF, (g1} (@1, —,) — kF{ga}(-w)).

Proof. Applying the two-sided QFT definition gives
Folf ® g} (w)

= J-e*':w-lxl (J- f(x+y)§—6—ljd2y) e Jwaxz J2q

. R2

Rﬂ
By inserting the change of variables z= x+y to the above expression we
immediately obtain

Folf © g}(w)
- f e*éw-l(zry-l)( f(z)gr@jdzy)eﬁwz(zryz) a2z
RE

R2

[ et (o) + @) + (@) + ks ()
R? RZ?
((900) = jg2) + (=igr(y) — kgs(3))) e /4= 5772) dy d?z

= f j elon@) (£,(2) + ify(2))( Go() — g2 ())e T2 ) d2y a2z
R2 B2
+ f f eI (fo(2) + ify (2)) (—igy () — kga(y))e T2 D) dPy a2z

R? R?

+ [ [ et (1@ + @) (9000 - jg ) e e ey a*

RZ R2
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+ [ [ et (15,0 + k@) (—igi0) — kgs ) e o029 a2y a2

RZ RZ

[ e (e + i)

RZ

(j elwiyi go(y)ef‘”” dzy _}' j e—iwlhgz(y)eiwzw dZy) e jwazagly
RZ

R2

(_i j eiwlh)gl(y)efwﬂ’z dZy_ k J e—iw13’1)g3 (y)ejwzh dZy) e jwzz2 424
R2

R2

+ [ e (i@ + kA (@)

2

(J' e~ iwiy1) go(y)ejwzh d2y —j J’ eiwlylgz (y)efwz)’z d2y> e~ iw2zz2d2 4
R2

R2

+ f et (jf, (2) + kfs(2))

R2

(—i J’ e—imm)gl (y)eiwz}'z dzy— k J’ eiw1y1)93 (y)ejwz.‘fz dzy) e jwaza g2 4
R2

R2
= f e~z (fy(2) + ify(2)) (?q{go}(—w) — JFolg2Hwy, —wp) ) e T2 a2
e
+ f etz (f(2) + if,(2)) (fiﬁigl}(fm) — kFylga}(wy, *wz)) eTJr2d?z
e
+ j el (jf,(2) + kf3(2)) (Fy {90} (w1, —w2) = Fy{g,)(—w) ) eTwe2d?z
e
+ j e~lon(jfy(z) + kfs(2)) (—iFy{g1} (w1, —w2) + kFy{gi}(—w)) eT72d%z

]RZ

= [ e (fia + iR @)e e 2 (F, {90 (-w) — 1F, (0.} —0,))

R2
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+ f et (fy(2) + if,(2)) &2dz(—iF, (g }(~w) — kF,{g:} (w1, —,) )

R2

+ | eonn (i) + kA @) e 42022 (Fylgo) (01, —02) - 1% (9.} (~w)

R
+ J e (jfy(2) + kf3(2)) & “*2d*z (—iF,{g,} (w1, —w,) — kFy(g:}(—w))
RZ
= (F (o} (@) + 17, {£1}(@)) (Fo{g0} (~ ) — JF{g,}(~ w1, w5))
+(F, fod w10, + IF ) @01,~0,) ) (—iF, {9:)(~0) — kF{gs}(w;, ~w,))
+ (f?q{fz}(—wp w, ) + kF {f3}(—w,, wz)) (?q{go}(wp —w,) _fT{Qz}(_w))
+ (JF(f2)(—0) + kF, (i} (~0)) (=i, (9.} @1, —w2) — kF{g}(~w)).
As a consequence of the above theorem, we immediately obtain

Lemma 2.3 Given any two quaternion-valued functions f,g € L*(R?*; H). If we
assume that  Fy{f}(w) € LZ(IRZ; R), then

Folf ® g} w) = Fy { flws, —w2) (Fy {9, }(-0) — i F, {9, }(~w) )
~Fg {fH @1, —02) (T {g2}(01,~02) + kFy{g3} (w1, 02) ).

Proof. Straightforward computations show that

Folf ® g}w)

= [ ertons ( | e+ yia® dz'y) e oy
R2

R2

j e @) (£@) (90 () — i1 ) = F@(9:0) + kg5 B))) e T2y d2z
r? R?

[ s @) [ (o) - tgi)erenazy ehose a2
R2 R2

— f i ) f (jg2(¥) + kgay)e!®2Y2d%y e 1922 g2z
R2 RZ

=5 (=02 [ e (g00) = ig2() T4y
]RZ
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—F, @y, —w)) j =@ (jg, (y) + kga(y)) e 7192 dy,
]RZ

We further obtain

Folf ® g} (w)

=% { Y w1, —wy) f e (go () — ig1 () /92 d?y
B2

—F { fHwq,—wy) f elw1(jg,(y) + kgs(y) )efv22 d2y
IRZ

= ‘T;i' {f}(wlj —w2) (I eiw.ly-lgo(y)efwz}'z dZy_ j e,iw;}'ligl(y)e}'wz}’z dZy )

R2 R2

Ay —wz)( [ ewjguielen dty+ [ eovikgyyeion: dzy)
R2 R2

= Fy { Yy, —w2) (%, go}(-w) — i Fy (g1} ()

~Fy (fH @y, =) (T, {92} (@, ~w3) + KFylga}(~01,05)).

which was to be proved.
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